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AlJstraet-A nonclassical continuum mechanics model is developed for a unidirectional continuous
fiber-reinforced composite under elastic deformation to determine separate stress field expressions
for each material in the body. Far-field strain components. measured or calculated by classical
methods. are considered as known inputs. By an elasticity analysis the interactions between the
adjacent material regions are found. By using a method similar to the nonloca1 continuum mechanics
theory all the long-range interactions are expressed as heterogeneity effects. By summing the stresses
calculated from the far-field strains and the stresses caused by the heterogeneity effects. the stress
fields in the different materials of the composite body are determined. Sample results are compared
to those of a classical anisotropic elasticity method.

NOTATION

in-fiber heterogeneity effect variation factor
in-matrix heterogeneity effect variation factor
modulus ofelasticity
far-field strain components
nonlocal strains
adjacent material region effects on the fibers
shear modulus
adjacent material region effects on the matrix
integer number of material regions
representative elastic constant for the mixture
mixture material moduli
inner characteristic length in x 2 direction
inner characteristic length in x 3 direction
fiber radius
average dimensions for the fibers
average dimensions for the matrix
average matrix dimension for "23" component
heterogeneity effects on the fibers
heterogeneity effects on the matrix
heterogeneity effect sign function for the fibers
heterogeneity effect sign function for the matrix
Kronecker delta
average fiber strains
average matrix strains
correction factor for the modified rule-of-mixtures equations
a fiber Lame constant
a matrix Lame constant
a fiber Lame constant
a matrix Lame constant
average heterogeneity effects on a fiber
average heterogeneity effects on a matrix region
average heterogeneity stresses on the fibers
average heterogeneity stresses on the matrix
total stresses
local stresses
heterogeneity stresses on the fibers
heterogeneity stresses on the matrix.

I. INTRODUCTION

To analyze the stress fields in a composite body that consists of two or more different
materials, several studies have been performed. Generally, these studies use a classical
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elasticity solution for a unit composite. Because of the complex interactions between the
fibers and matrix, it is difficult to determine precisely the internal stress distribution for a
whole body. especially a three-dimensional one. An extension of the unit composite solutions
to several material regions is necessary to understand the mechanical properties of fiber­
reinforced composites. In the following. material region is defined as one portion of the
composite which consists entirely of fiber or matrix material.

Some previous studies analyze the internal stress distribution of materials reinforced
with discontinuous fibers or inclusions or voids. These analyses are generally based on the
shear-lag theory. classical elasticity theory and/or finite element analysis (i.e. Fukuda and
Chou. 1981 ; Nemat-Nasser et al.• 1982). Others even though they are for continuous fiber­
reinforced composites, use a unit composite approach (i.e. Amirbayat and Harle, 1969;
Muki and Sternberg, 1970). Pagano (1969, 1970) found exact solutions for layered com­
posites by expressing the displacements in the form of Fourier series. These two studies are
limited to two-dimensional laminates and cannot be used to determine the stress distributions
in the general three-dimensional case. In most of the studies concerning the stress or strain
distributions in fiber-reinforced composites, the solutions for unit composites are extended
to a whole body of fiber-reinforced composite by using a classical anisotropic elasticity
analysis.

The classical solutions give average stresses for the whole body ofa composite structure.
but they cannot be used to distinguish the stress states in the different materials of the
composite body. In other words, the classical methods consider the anisotropy but ignore
the heterogeneity. The derivations and applications of the classical elasticity analysis for
fiber-reinforced composites have been demonstrated, for example, by Vinson and Chou
(1975). Vinson and Sierakowski (1987), and Tsai and Hahn (1980). Constitutive equations
for incompressible, inextensible fiber-reinforced composites were derived by Pipkin and
Rogers (1971), and this study was extended to three-dimensional case by Rogers (1974).
These studies reduce to the classical anisotropic elasticity solutions for small deformations.
Several other classical solutions, for example by Amirbayat and Hearle (1969), determine
the stress fields for a unit composite but these solutions do not consider the interactions
with the rest of the composite. In the present study, the strains which are calculated by the
classical anisotropic elasticity. are considered to be the input far-field strains. therefore the
anisotropy is regarded indirectly. By using a simple elasticity analysis for a unit composite
and considering the effects caused by the heterogeneity, the separate stress fields for the
fibers and matrix are determined and the solution is valid for the entire body. This technique
was developd by Ardi9 et al. (1989), for a two-dimensional laminated composite.

For a heterogeneous material a nonlocal continuum mechanics theory can be used to
determine the field equations. Eringen (1977. 1987) summarized the theories of nonlocal
continuum mechanics and applied them to a number of problems. and demonstrated the
effectiveness of these theories by predicting various physical phenomena ranging from the
global to the atomic scales. In the study presented in this paper, a method similar to the
nonlocal theory and a simple elasticity analysis are used in a combined manner. Eringen
(1977) states that an inner characteristic length should be associated with a given body and
this length can be, for instance the average spacing distance between fibers in a composite
body. In this study the average distances between the center lines of adjacent fiber and
matrix regions in each direction are considered to be the inner characteristic lengths in
those particular directions. and the constitutive equations which were derived by using the
nonlocal continuum mechanics theory and presented. e.g. by Kroner (1967). and Eringen
(1977, 1972, 1976) are used as a basis. By sampling the effects caused by the existence of
the different materials in the body, at the center ofeach material region and using a classical
elasticity analysis, all the material region interactions, which are called the heterogeneity
effects in this study, are transferred to the strains and the local material moduli are used in
the constitutive equations. Therefore. the method developed by Ardi9 et al. (1989) is
extended to the stress analysis of three-dimensional continuous fiber-reinforced composites.
In this study, by using the heterogeneity effects inside each material region. and by satisfying
the interface conditions and the average heterogeneity effects in the region ofconsideration.
the stress variations inside the fiber or matrix regions are approximately determined. Since,
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there is no exact solution for a three-dimensional composite material, sample results of this
study are compared to those from a classical anisotropic elasticity solution.

In Section 2 of this paper a simple elasticity analysis is presented, and the effects of
adjacent material regions on each other are found. Heterogeneity effects are obtained in
a microstructural scale and the stress/strain variations inside each material region are
approximately determined, and the stresses caused by the heterogeneity are obtained in
Section 3. In Section 4, by summing the local and heterogeneity stresses the resultant stress
components for the different materials of the composite body are found. Section 5 offers a
summary and conclusion of this study. In the Appendix the classical anisotropic elasticity
solution is briefly explained.

2. EFFECTS OF ADJACENT MATERIAL REGIONS

A continuous fiber-reinforced composite material, assuming perfect bonding and
uniform, periodic fiber distribution is considered. The stress fields in the fibers and matrix
are to be found separately. The structure of the composite body is shown in Fig. 1.

It is assumed that the strain components for the composite as a whole are calculated
by classical methods or measured, and therefore are known. The average stresses in each
material region can be found by using a simple classical elasticity analysis and the matching
conditions at the interface. In this problem the shaded matrix area and a quarter of the
adjacent fiber in Fig. lb are considered as a unit area. To find the strain components in
each direction, a simplified geometry is used. An example for X2 direction is shown in Fig.
2, where the relative areas are the same in both the original and simplified geometries. The
average dimensions Rj2 , Rn and Rm2 , Rm3 can be found by using the following formulae:

fiber matrix fib.r L
~~Imlt I x.
I I I

I I I

Fig. I. Structure of the fiber-reinforced composite.

•

L.'" F) _I

j~
~RI_I ~

Fig. 2. Simplified geometry.
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(1 )

Here, the conditions over the unit material region are:

(i) the strain components along the fiber direction are the same for the fiber and matrix
and they are equal to the corresponding input far-field strain component :

(ii) the averages ofother strain components over the unit region in their particular direction
are equal to the corresponding input far-field strain component;

(iii) tractions are equal at the interfaces, and it is assumed that the far-field strains are
uniform inside each material region. Using these conditions. the average strain com­
ponents for each material, except 1'~3 components. are found as follows:

I'~ I = ell.

I'~.~ = ((i'm - i./)Rm1e II + {211m + ).m)R~e1~ + )'m R 3Rm1e33/ Rm3

- (i.mRJ 3/Rm3 +i./)Rm~I'L} /<5~

1'~3 = (Ajell+A2e12+A3e33)bo

dI = I1m R 3e31/(l1mR j3+l1t Rm3)

1'{2 = IlmR2el~/(l1mRn+llfRm1)

for the matrix

1'71 = ell

1"~2 = (R 2e21 - Rn l'{2)/ Rm2

1''3\ = {R 3e33 - Rj3I'~3)/Rm3

1'31 = I1r R 3eJI /(l1m R j3 + 11 rRmJ)

1'72 = I1r R 2e d{l1m R n + Ilf Rm2)

where eij's are the far-field input strain components, and

<5 0 = <5J-{i.mRn+i·fRm2)(AmRfJ+i·fRm3)/<52

<5 2 = {2Ilr+ i·f)Rm2 +(2I1m+;.m)Rf2

<5 3 = (2Ilf+ i· f )RmJ + (211m +;'m)RjJ

A I = {i.m - i·f )Rm2 RmJ [l- (A.mRf2 +i·r Rm2 )/<5 2]

A 1 = R2RmJ[)'m/Rm2-()'mRn+)·rRm2)(2Ilm+)'m)/<52]

A 3 = R3[(2Ilm+)'m)-()'mRn+)'fRm1)i'm/<52]'

(2)

(3)

(4)

To determine 623 components for the fibers and matrix the averaging is done in both
X2 and XJ directions. In this case the average dimension of a unit matrix region is found as

therefore the 1'2) components of the matrix and fiber strain tensors are:

I'L = Ilm(R 1+ R J)e23/2{llm R f + Ilf R '",)

623 = Ilf(R2+R3)e23/2{llmRf+llfR'",).

(5)

(6)
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Using these strain expressions the effects of adjacent material regions on the material
region of consideration are expressed as follows:

III = 0, In = le{2 -e221, 133 = ie{3 -en!

123 = lei3- e231, 131 = 1e{I-e3t1, III = IB\l-elll.

(7)

(8)

The mij'S and lij's represent the change in the corresponding strain components due to the
existence of the adjacent material region.

3. HETEROGENEITY EFFECTS

In the nonlocal continuum mechanics literature, the stress field in an infinitesimal
element is written as the sum of the local and nonlocal stresses as proposed by Eringen and
Kroner, such that

(9)

where 1:' is the nonlocal stress tensor and .0 is the local stress tensor which in this study is
calculated from the known far-field strains, as if there is only one material (the material at
the point of consideration). The general constitutive equation for the nonlocal stress field
in a unidirectional continuous fiber-reinforced composite body, by following Eringen (1972,
1976, 1977, 1987) and Kroner (1967), can be written as

(10)

where the fibers are in the XI direction, eij's are the components of the nonlocal strain
tensor and xi represents the coordinates of all the points in the body except the point of
consideration. Jl' and A' are the nonlocal material constants for a locally isotropic material
as is considered in this study.

For the present case ofunidirectional fiber-reinforced composite, each material region
is affected by the adjacent material regions. The interactions, caused by the existence of
different materials, occur as effects of effects in the directions perpendicular to the fibers.
In this study these interactions are called the heterogeneity effects. By using the effects of
the adjacent material regions, found in the previous section, all the heterogeneity effects are
transferred to the strains and the local material moduli are used in the constitutive equations.
Since the material region interactions are considered due to the heterogeneity, it is assumed
that there is no heterogeneity effect in the fiber direction. For example, considering the en
strain component for a stiff fiber adjacent to a compliant matrix region, the existence of
matrix reduces that particular strain component in the fiber relative to the corresponding
far-field strain. However, the next fiber has the effect of increasing the relative strain in the
matrix, which in turn will increase the strain of the original fiber. Therefore, the second and
higher order effects are taken into account. In this way the material region interactions can
be expressed by the heterogeneity effects on strains. The direction dependence of the
heterogeneity effects has already been imposed due to the orientation of the fibers, and only
the distance dependence is considered. The effects ofthe equidistant fibers or matrix regions
on either side of the region of consideration are written as a single term. For example, the
following notation is used to represent the interaction effects on the "it' component of the
strain. For a stiff fiber and compliant matrix the term m7j /'lj- I represents the effect on the
region ofconsideration (a matrix region for this sample case) due to the nth fibers. Similarly

SA$. 2S:SI6-J
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the term -m7J7j represents the effect from the nth matrix regions. Therefore, the het­
erogeneity effects can be summed in series as follows:

for the fibers

for the matrix

where

a'llf = )./CE~2+Lj3)

a22/ = (2,u/+)./)L~2 +)./L~3

a;3/ = )./L~2 + (2,ur +AI )L~3

a231 = 2,u/Li3

a;l/ = 2,u/L{1

a'12/ = 2,u/L{2

a'llm = A.m(L22+L33)

a22m = (2,um+)'m)LZ2 +).mL33

a;3m = AmL22 + (2,um+).m)L33

.../_ f"fn( n-I n)
~ij - sij L. 'i m~ - m'i

(II)

(12)

(13)

here the underbar means no summation. "n" represents the integer number of material
regions. At this point the second and higher order heterogeneity terms in the summation
series provide better accuracy. They can be used to determine the stress or strain variations
inside each material region.

The heterogeneity stresses, expressed by eqns (II) and (12), are the average stresses,
caused by the heterogeneity, in each material region. At this point the distribution of the
heterogeneity effects inside each region is to be determined. Eringen (1977) stated that
because of computational problems, manageable nonlocal moduli distribution functions
should be selected. In the problem presented in this paper, at this point the average
heterogeneity effects in a particular region and the heterogeneity effects at the interfaces,
not nonlocal moduli, are known. It is also known that the stress distribution in a material
region will be in the form ofa continuous and smooth function. For simplicity, in this study
a square root function of the distance from the interface is selected. The geometry of the
system for two arbitrary points is shown in Fig. 3, the stresses are assumed to be found at
these points. Therefore, the heterogeneity stresses can be written as follows:

for the fibers

r'll/ = ;'f(S{2 + S{3)

r'22/ = (2,uf+ )·f)S{2 + ;'fS {3

r;3f = A.f S{2 + (2,u/+ ;·f )S{3

r23f = 2,ufS {3
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I'll

Fig. 3. Inner dimensions for two arbitrary points. Pf and P"'. in the fibers and matrix.

'31f = 2/-lf S{1

"12f = 2/-l f S{2

and for the matrix

"11m = Am(Si2+ S'j3)

'22m = (2/-lm+Am)Si2 +AmS'j3

'33m = AmSi2 + (2/-lm+ A.m )Sj3

'23m = 2/-lmSi3

'31m = 2/-lmS'j I

"12m = 2/-lmSi2

where

S~ = ~{f!L(l-Cfm!L)+Cf lJ'li"'!J.-I-"'!J.)}

S7j =~ {m!L(1- c!if!L) +c!iLm~(fr I - ~)}
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(14)

(15)

(16)

here, 'On" again represents the number of fiber and matrix regions away from the material
region of consideration, the underbar means no summation over the indices, and

Cf = 15[(Rf -rf)/Rf jl/2/8

ci2 = 3[(Rm2-rm2)/Rm:zlI/2/2

c)3 = 3[(Rm3- rm3)/Rm3]1/2/2

ci3 = 3(R2+R3- Rf )[(Rm2 - rm2) 1/2+ (Rm3 - rm3) 1/~/[2(~1 +~l)]

c)l = 3[(Rm3-rm3)/Rm3] 1/2/2

ci2 = 3[(Rm2-rm2)/Rm2] 1/2/2. (17)

c7j's and Cf represent the variation of the heterogeneity effects inside each material region.
They are determined by using the conditions that the tractions will be equal at the interface
and the average heterogeneity effects will equal those given in eqns (13). Because of the
symmetric geometry of the fiber cross section Cf is the same for all components.

Therefore, the stress components, caused by the heterogeneity effects, are determined,
now the resultant total stresses will be found.
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4. TOTAL STRESSES A;\lD RESULTS

The heterogeneity stresses for the fibers and matrix were found and expressed by
eqns (14) and (15). The local stress tensor is calculated from the known far-field strain
components, as if there is only one material (the material at the point of consideration).
The local stress field equations can be written as

(18)

The resultant stress components are the sum of the local and the heterogeneity stress
components. Therefore, the total stress field expressions are obtained as follows:

for the fibers

for the matrix

rL = (2Jlj+Aj)ell +Aj(e22+e33) +i,,(S~2+S{3)

r{2 = (2Jlj+).j)e22+ Aj(ell +e33)+(2/lr+)'j)S{2+AjS{3

r{J = (2Jlj+Aj)e3J+).j(ell +en) +)·rS~2+ (2Jlt+Aj)S{3

r{3 = 2Jlje23 +2Jlj S{3

r{1 = 2Jlje31 +2Jlj S{,

r{2 = 2Jlje ,2+ 2Jlj S{2

ril = (2Jlm+ Am)ell +Am(e22+ e33) +)'m(S22 +S33)

r22 = (2Jlm+)'m)en+ Am(ell +e33) + (2Jlm+ Am)Si2 +AmS 33

r33 = (2Jlm+Am)eJ3+Am(ell+en)+i'mS22+(2Jlm+)'m)S33

ri3 = 2Jlme23 + 2Jlm S 23

r31 = 2j.lme31 +2JlmS31

Ti2 = 2Jlme '2+ 2Jlm S i2

(19)

(20)

where the heterogeneity effects, Sij's, are given in eqns (16) and (17).
Numerical results are obtained by using the eqns (19) and (20). These results are

compared to those of a classical anisotropic elasticity solution for some sample far-field
strain components. The nonclassical solution can be used for any kind of far-field strains,
but in this study for the sake of simplicity only linear variations in x2-direction are
considered. For a given strain component, the variations in stress components with distance
for a classical anisotropic elasticity solution and the nonclassical approach, developed in
this study, are shown in Figs. 4, 5, 6, 7. The materials for this sample problem are graphite
fibers (Ej = 275.86 GPa, Vj = 0.2) and polyimide matrix (Em = 2.76 GPa, Vm= 0.33). The
fiber volume fraction is 50%. In Figs 4 through 7 the stress components are considered in
the planes passing through the center lines of the fibers, thus in these figures, "1.0 ~ X2/R2
(or xJ/R3) ~ 2.5958" and "3.0 ~ X2/R2 (or X3/R3) ~ 4.5958" are graphite fiber regions, and
"2.5958 ~ X2/R2 (or X3/R3) ~ 3.0" and "4.5958 ~ X2/R2 (or X3/R3) ~ 5.0" are polyimide
matrix regions where R 2 and R 3 are as shown in Figs I and 2. The classical anisotropic
elasticity solution results are obtained by using the anisotropic constitutive equations
presented in Chapter 2 of Vinson and Sierakowski (1987). To determine the reduced elastic
constants for the classical solution, the modified rule-of-mixtures equations which are given
by Tsai and Hahn (1980) and Vinson and Sierakowski (1987), are used. A brief summary
of the classical solution is presented in the Appendix of this paper.

In Figs 4 through 7, it is seen that the classical anisotropic elasticity solution gives
smooth, continuous curves. Since this classical solution considers the anisotropy and ignores
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Fig. 6. Stress components vs distance for the far-field strain components, e12 = 0.000 I(x2/R2)' other
e,j = 0 (or e31 = 0.0001 (X3/R3), other e'l = 0).
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Fig. 7. Stress components vs distance for the far-field strain components, e23 = 0.OOO1(X2 R2) or
e23 = 0.0001(x3/R3), other e'J = O.

the heterogeneity it cannot distinguish the stress states for the different materials of the
composite body. The nonclassical approach gives continuous curves except for the stress
components in the fiber direction, and the variations inside each material region are deter­
mined approximately by using the heterogeneity effects approach. It gives discontinuous
curves for the stress components in the fiber direction because in this approach the stress
values are distinguished for the different material regions in the composite. The nonclassical
solution considers the heterogeneity and takes the anisotropy into account by the use of
the input far-field strains.

5. CONCLUSION

In this study a nonclassical formulation is used with a simple classical elasticity solution
in a combined manner to determine separate stress fields for the fibers and matrix in a
continuous fiber-reinforced composite material. Sample results were presented for some
special input far-field strains and the results were compared to those ofa classical anisotropic
elasticity solution. The nonclassical solution method presented in this paper can be used to
determine separate stress fields for the fibers and matrix and also the stress variations inside
each material region can be found approximately. By using the nonclassical solution method
both heterogeneity and anisotropy in the body ofcomposite material are taken into account,
thus this solution is valid for the entire body of composite material. Therefore, the non­
classical method can have practical application in some realistic problems. In a previous
study by Ardi~ et al. (1989) the accuracy of the method was shown for two-dimensional
problems. As yet, the accuracy of the three-dimensional solution is unverified.

Acknowledgements-The authors are grateful to a University of Delaware Bloc Fellowship (E.S.A.) and the
Center for Composite Materials for support of this work.



~ln:sSl:s In tib.:r-r.:inforced composites

REFERENCES

653

Amirbayat, J. and Hearle, J. W. S. (1969). Properties of unit composites determined by the properties of the
interface. Parts I and II. Fiber Sci. Tech. 2, 123 and 143.

Ardi~, E. S., Santare, M. H. and Chou, T.-W. (1989). Stress fields in a composite material by means of a non-
classical approach. To appear. Int. J. Engng Sci.

Eringen, A. C. (1976). Continuum Physics. Vol. 4. Academic Press, New York.
Eringen, A. C. and Edelen. D. G. B. (1972). On nonlocal elasticity. Int. J. Engng Sci. 10,233.
Eringen, A. C. (1977). Continuum mechanics at atomic scale. Crystal Lattice Defects 7. 109.
Eringen. A. C. (1987). Theory of nonlocal elasticity and some applications. Res. Mechanica 21, 313.
Fukuda. H. and Chou. T.-W. (1981). An advanced shear-lag model applicable to discontinuous fiber composites.

J. Compo Mat. 15,79.
Kroner, E. (1967). Elasticity of materials with long-range cohesive forces. Int. J. Solids Structures 3,731.
Muki. R. and Sternberg. E. (1970). Elastostatic load-transfer to a half space from a partially embedded axially

loaded rod. Int. J. Solids Structures 6, 69.
Nemat-Nasser. S., Iwakuma, T. and Hejazi, M. (1982). On composites with periodic structure. Mech. Mat. I,

239.
Pagano. N. J. (1969). Exact solutions for composite laminates in cylindrical bending. J. Compo Mat. 3, 398.
Pagano, N. J. (1970). Exact solutions for rectangular bidirectional composites and sandwich plates. J. Compo

Mat. 4. 20.
Pipkin, A. C. and Rogers, T. G. (1971). Plane deformations ofincompressible fiber-reinforced materials. J. Appl.

Mech. 38, 634.
Rogers. T. G. (1974). Anisotropic elastic and plastic materials. In Continuum Mechanics Aspects of Geodynamics

and Rock Mechanics (Edited by Thoft-Christensen). D. Reidel, Dordrecht.
Tsai, S. W. and Hahn, H. T. (1980). Introduction to Composite Materials. Technomic, Westport, CT.
Vinson. J. R. and Chou, T.-W. (1975). Composite Materials and Their Use in Structures. Elsevier-Applied Science.

Amsterdam.
Vinson. J. R. and Sierakowski. R. L. (1987). The Behavior of Structures Composed of Composite Materials.

Martin Nijhoff, Dordrecht.

APPENDIX

Classical anisotropic elasticity solution
First, the reduced elastic constants are determined by using the equations which are called modified rule-of­

mixture equations by Tsai and Hahn (1980), as given by Vinson and Sierakowski (1987). To determine the
material constants of the composite the general expression

is used. In this expression P represents the elastic constants of the mixture, Pt and P", are the corresponding
material constants of the fibers and matrix, respectively. Vt and V", are the volume fractions (whose sum equals
unity). The forms of p. Pt. P", and" are tabulated in Chapter 2 of Vinson and Sierakowski (1987).

The general constitutive equations for a lamina of fiber-reinforced composite material or for laminates which
are all reinforced in the same direction, by ignoring the effects of the interfaces between laminates. can be written
as given by Vinson and Sierakowski (1987), such as

all = Qllell +Q12en+Que)3

an = Quell +Qnen+Q23e)3

a)3 = Que'l +Q23e22+Q)3e)3

au = 2Q..e23

a31 = 2Qsse31

al2 = 2Q66el2

where

QlI '" E ll (l-vUv32)/A

Qn = Edl-vuv31)/A

Q33 = E)3(1-vl2v21)/A

Q•• '" Gu , Qss =Gu , Q66 = G12

QI2 = (V21 +V3,V23)EII /A = (vl2+vn vu)En /A

Q'3 = (V31 +v2I Vn)ElI /A = (vu+vl2vu)En/A

Q23 =(V32+ vl2v3,)E22/A =(vU+V2IVI3)EH/A

A = l-v12v2,-v23v32-v3Iv,3-2v2Ivnvl3'


